BROWNIAN EARTHWORM 



KRZYSZTOF BURDZY, ZHEN-QING CHEN AND SOUMIK PAL 

Abstract. We prove that the distance between two reflected Brownian motions outside a 
sphere in a 3-dimensional flat torus does not converge to 0, a.s., if the radius of the sphere 
is sufficiently small, relative to the size of the torus. 

o 

> 

o i 

£h ■ 1- Introduction 

This article is partly motivated by a natural phenomenon. We would like to analyze the 
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effect of a randomly moving earthworm on the soil. The soil is pushed aside by the earthworm. 
What is the asymptotic distribution of soil particles when time goes to infinity? Is the soil 
compacted or are soil particles more or less evenly spread over the region, especially when the 
earthworm is small compared to the size of the region? In our toy model, the earthworm is 
represented by a sphere following a Brownian path. We will next state the model in rigorous 
terms and then present a theorem and some conjectures. We will also briefly review related 
^ ! results. 

Let D\ be the flat d-dimensional torus with side length 1, i.e., D x is the cube {(xi, . . . , Xd) £ 
i/S \ M d : \xk\ < 1 for k = 1, . . . , d}, with the opposite sides identified in the usual way. Let B(x, r) 
denote the open ball with center x and radius r. For < r < 1, let D = D\ \ 13(0, r). Let 
n(x) denote the unit inward normal vector at x £ dD = dB(0,r). Let B be a standard 
d- dimensional Brownian motion, x ,y 6 D, x / Vo, and consider the following Skorokhod 
equations, 

X t = x + B t + [ n(X s )dL x fort>0, (1.1) 
Jo 

Y t = y + B t + [ n{Y s )dL Y s for t > 0. (1.2) 
Jo 

Here L x is the local time of X on dD. In other words, L x is a non-decreasing continuous 
process which does not increase when X is in D, i.e., f °° ln(X t )dL x = 0, a.s. Equation 
(II. ip has a unique pathwise solution (X, L x ) such that X t e D for alH > (see [9]). The 
reflected Brownian motion X is a strong Markov process. The same remarks apply to (II. 2p . 
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so (X, Y) is also strong Markov. Note that on any time interval (s, t) such that X u G D and 
Y u G -D for all u G (s, t), we have X u — Y u = X s — Y s for all u G (s, t). 

For x,y £ D\, we use dist(x,y) to denote the geodesic distance between x and y in the 
torus Di. 

Theorem 1.1. If the dimension d = 3 i/ien t/iere is r > sitc/i t/iat /or ever?/ r < r and 
every xo 7^ yo, we have limsup^^ dist(X t , Y t ) > 0, a.s. 

An analogous problem was considered in [I] for domains Del 2 . It was proved that if D is 
a bounded domain with a smooth boundary and at most one hole, then lim^oo dist(X t , Y t ) = 
0, a.s. It is not known whether for any 2-dimensional domain D, limsup^^ dist(X t , Y t ) > 
with positive probability. 

Note that by the pathwise uniqueness of the solutions to fll.ll) - (ll.2p . is an absorbing 
state for the distance process dist(X t ,Y t ); that is, if dist (X to , Y to ) = 0, then dist(X t ,Y t ) = 
for all t > to- Theorem 11.11 says that dist(X t ,Y t ) never enters the absorbing state nor 
converges to as t — > 00. Since D is compact, this suggests that &ist(X t ,Y t ) fluctuates and 
is a "recurrent" process. We suspect that (X t , Y t ) has a stationary probability distribution 
but this does not follow from recurrence alone. Hence, we propose the following 

Conjecture 1.2. If the dimension d = 3 then there is r > such that for r < r the process 
(X, Y) has a stationary distribution Q which does not charge the diagonal {(x,x) : x G D}. 
There is only one stationary distribution for (X, Y) which does not charge the diagonal. 

Since (II . If) - ( TTT2T) have a unique pathwise solution, if xq = yo then X t = Y t for all t > 0, a.s. 
It follows that (X, Y) has a unique stationary distribution Q' supported on the diagonal, 
characterized by the fact that the distribution of X under Q' is uniform in D. 

Our state space D for reflected Brownian motion is a subset of a torus because three 
dimensional Brownian motion is transient so the result analogous to Theorem 11.11 for the 
complement of a ball in M. 3 is not interesting. 

Problem 1.3. Is Theorem \l.l\ valid when the dimension d = 2? 

The reader may find it paradoxical that we can prove Theorem 11.11 in 3 dimensions but 
the analogous result in 2 dimensions is stated as an open problem. The reason is that the 
proof depends in a crucial way on the sign of a certain "Lyapunov exponent" A* = 1 + X p 
where p := 1/r and X p is defined in Theorem 14.1( h) relative to the domain D. We prove in 
Lemma 14.21 that A* is positive for D if d = 3 and p is large. In the 2-dimensional case, the 
analogous exponent is equal to (01 Prop. 2.3]) and this critical value makes the problem 
hard. We could have defined the domain D as D\ \ A, with A being not necessarily a 
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ball. It is easy to see that for many sets A, for example, those that are bounded, smooth 
and close to a polyhedron, A* is negative. It was shown in [I] that in 2-dimensional space, 
negative A* implies that lim t ^ 00 dist(Xt,Y t ) = 0, a.s. In such a case, (X,Y) does not have 
a stationary distribution with some mass outside the diagonal. It is not known whether 
there is a 2-dimensional domain, bounded or unbounded, with positive A*. It is also not 
known whether for any 2-dimensional domain D, limsup^^ dist(X t , Y t ) > with positive 
probability. Theorem 11.11 shows that this is the case for a subset of a three-dimensional 
torus. We believe that the theorem also holds in some bounded subsets of M 3 but we will 
not provide a rigorous proof. We make this claim more precise in the following conjecture. 

Conjecture 1.4. Suppose that B(xj,r) C <B(0, 1) for j = 1, . . . , k, and let D 2 = B(0, 1) \ 
(JjLi &{ x ji r ) c Ifk is sufficiently large and (mini<j< fc (l — \xj\) + min 1 <j<j< fc \xi — Xj\) /r 
is sufficiently large, then Theorem li.il holds for D 2 . 

Suppose that Conjecture II .2! is true, i.e., for some r > and all r < r , the process (X, Y) 
has a stationary distribution Q which does not charge the diagonal. This stationary measure 
Q depends on r, the radius of the ball deleted from the torus Di, so we can can write Q r to 
emphasize this dependence. 

Conjecture 1.5. Measures Q r converge to the uniform probability distribution on (-Di) 2 
when r — > 0. 

Next, we consider the flow X* of reflected Brownian motions, defined for x G D by 



Here L x is the local time of X x on 3D. Equations (II. 3p have unique pathwise solution 
(X x , L x ) for all x simultaneously because the construction of the solution to the Skorokhod 
equation given in [9] is deterministic. Let \A\ denote the Lebesgue measure of a set A and 



Conjecture 1.6. Measures Q rt converge to a random measure Q r on Di\B(0,r) when t — > 
oo, in the sense of weak convergence of random measures. Random measures Q r converge 
weakly to the uniform measure on D\ when r — > 0, in probability. 

In the context of (11.31) . the earthworm picture is obtained by interpreting B(0, r) — B t as 
a Brownian earthworm and X x — B t as the location of a displaced soil particle. 

For an extensive review of related results, see [3]. Some of those results will be recalled 
in Section 2.4. The present article is, philosophically speaking, a mirror image of [1]. That 
article analyzed domains where dist(X 4 , Y t ) converged to 0, while the present article analyzes 




for t > 0. 



(1.3) 



Q 7 , t (A) = \{x e D ■. X x e A}\. 
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domains where the opposite is true. It was proved in [7J [8] that under mild technical assump- 
tions on the domain, reflected Brownian motions X and Y do not coalesce in a finite time. A 
series of papers by Pilipenko [HI [12], [13] discuss stochastic flows of reflected processes. The 
article [H] is posted on Math ArXiv; it is a review and discussion of Pilipenko's previously 
published results. 

The rest of the paper is organized as follows. Section [2] is a review of known results needed 
in this paper, including a review of excursion theory in Section 12.31 and some technical 
estimates from [5j [3] in Section 12.41 The proof of Theorem 11.11 is given in Section [3j it 
consists of several lemmas. The paper is based in an essential way on the exact and explicit 
evaluation of an integral representing the Lyapunov exponent X p . The calculation is rather 
tedious so it is relegated to Section HJ 

2. Preliminaries 

2.1. General. For a process Z, set A and point a, let Tf = inf{t > : Z t G A}, T? = 
inf{t > : Z t = a} and r| = inf {t > : Z t A}. By the Brownian scaling, if {X t ; t > 0} 
is the reflecting Brownian motion on D\ \ 13(0, r) driven by Brownian motion B t , then 
{r~ 1 X r 2 t ; t > 0} is the reflecting Brownian motion on (r~ l D\) \ B(0, 1) driven by Brownian 
motion r~ 1 B T 2 t . For notational convenience, throughout the remaining part of this paper, 
wefixp = l/r>l and take D\ to be the flat <i-dimensional torus with side length 2p > 2, 
i.e., Di is the cube {(xi, . . . , Xd) G M. d : \xk\ < p,k = 1, . . . , d}, with the opposites sides 
identified in the usual way, and let D = D\ \ B(0, 1). 

2.2. Linear structure in torus. In Section [TJ we used notation normally reserved for 
elements of linear spaces, such as vector sum (e.g., X s — Y s ) and norm (e.g., \X t — Y t \). We 
will now make this convention precise. Note that the torus D\ can be represented as the 
quotient (M/(2pZ)) 3 . For x G D\, let A x denote the set of all points in M 3 which correspond 
to x. For i,n 6 Di, we choose x% G A x and y% G A y with the minimal distance \x\ — y\\ 
among all such pairs. Then we let x — y = x\ — y± and \x — y\ — \xi — yi\. 

2.3. Review of excursion theory. This section contains a brief review of excursion theory 
needed in this paper. See, e.g., [TU] for the foundations of the theory in the abstract setting 
and [2] for the special case of excursions of Brownian motion. Although [2] does not discuss 
reflected Brownian motion, all results we need from that book readily apply in the present 
context. We will use two different but closely related "exit systems." The first one, presented 
below, is a simple exit system representing excursions of a single reflected Brownian motion 
from 3D. The second exit system, introduced in Section [H is more complex as it encodes 
the information about two processes. Our review applies to general domains D with smooth 
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boundaries but we will assume that D is the torus with a removed unit ball, as in Theorem 

eh 

Let P x ° denote the distribution of the process X defined by ( 11. ip and let W° be the 
corresponding expectation. Let P^ denote the distribution of Brownian motion starting 
from x G D and killed upon exiting D. 

An "exit system" for excursions of the reflected Brownian motion X from dD is a pair 
(L*, H x ) consisting of a positive continuous additive functional L* and a family of "excursion 
laws" {H x } xe Q£,. We will soon show that L* t = Lf . Let A denote the "cemetery" point 
outside D and let C be the space of all functions / : [0, oo) DU {A} which are continuous 
and take values in D on some interval [0, Q, and are equal to A on [(, oo). For x G dD, the 
excursion law H x is a a-finite (positive) measure on C, such that the canonical process is 
strong Markov on (t Q , oo), for every t > 0) with the transition probabilities Pf,. Moreover, 
iiP gives zero mass to paths which do not start from x. We will be concerned only with the 
"standard" excursion laws; see Definition 3.2 of [2]. For every x G dD there exists a unique 
standard excursion law H x in D, up to a multiplicative constant. 

Excursions of X from dD will be denoted e or e s , i.e., if s < u, X s , X u G dD, and X t ^ <9-D 
for £ G (s, u) then e s = {e s (t) = X t+S , t G [0, it — s)} and C( e s) = « — s- By convention, 
e s (t) = A for t > (, so e t = A if inf{s > £ : X s G = £. Let £ u = {e s : s < u}. 

Let at = inf{s > : L* > t} and let I be the set of left endpoints of all connected 
components of (0, oo) \ {t > : X t G dD}. The following is a special case of the exit system 
formula of [10] • For every x G D, 

\ roc roc 

V V{ • /(e t ) UP V as H x ^(f)ds = E x / V t H x <(f)dL* t , (2.1) 



where is a predictable process and / : C — > [0, oo) is a universally measurable function 
which vanishes on excursions et identically equal to A. Here and elsewhere H x (f) = j c fdH x . 

The normalization of the exit system is somewhat arbitrary, for example, if (L*,H X ) is 
an exit system and c G (0, oo) is a constant then [cL* t , (l/c)H x ) is also an exit system. 
One can even make c dependent on x G dD. Theorem 7.2 of [2J shows how to choose a 
"canonical" exit system; that theorem is stated for the usual planar Brownian motion but 
it is easy to check that both the statement and the proof apply to the reflected Brownian 
motion. According to that result, we can take L* to be the continuous additive functional 
whose Revuz measure is a constant multiple of the surface area measure on dD and fP's to 
be standard excursion laws normalized so that 

H x (A)=lim±r D +5 ^\A), (2.2) 
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for any event A in a a- field generated by the process on an interval [t , oo), for any t > 0. 
The Revuz measure of L x is the measure dx/(2\D\) on dD, i.e., if the initial distribution of 
X is the uniform probability measure \x in D then E M 1a(X s )cIL x = J A dx/(2\D\) for any 
Borel set A C dD. It has been shown in [4 J that L* t = Lf. 

2.4. Differentiability of stochastic flow of reflected Brownian motions. It was proved 
m [D El E] , in somewhat different settings, that the stochastic flow of reflected Brownian 
motions is differentiable in the initial condition. We will use this result and we will also need 
a key estimate from j3] that was partly developed in [5]. First, we will recall some notation 
from [3J. The notation may seem somewhat awkward in the present context because it was 
developed for complicated arguments. We leave most of this notation unchanged to help the 
reader consult the results in [3]. 

We consider dD to be a smooth, properly embedded, orientable hypersurface (i.e., sub- 
manifold of codimension 1) in M 3 , endowed with a smooth unit normal inward vector field 
n. We consider dD as a Riemannian manifold with the induced metric. We use the notation 
(•, •) for both the Euclidean inner product on IR n and its restriction to the tangent space 
T x dD for any x £ dD, and | • | for the associated norm. For any x £ dD, let ir x : W 1 — > T x dD 
denote the orthogonal projection onto the tangent space T x dD, so tt x z = z — (z, n(x))n(x), 
and let S(x): T x dD — > T x dD denote the shape operator (also known as the Weingarten 
map), which is the symmetric linear endomorphism of T x dD associated with the second fun- 
damental form. It is characterized by S(x)v = —d v ii(x) for v £ T x dD, where d v denotes 
the ordinary Euclidean directional derivative in the direction of v. 

Recall that A is an extra "cemetery point" outside D, so that we can send processes killed 
at a finite time to A. For s > such that X s £ dD we let C( e «) — inf{£ > : X s+t £ dD}. 
Here e s is an excursion starting at time s, i.e., e s = {e s (t) = X t+S , t £ [0,£(e s ))}. We let 
e s (t) = A for t > C(e s ), so e t = A if C(e s ) = 0. 

Let erf be the inverse of local time Lf, i.e., of = inf{s > : Lf > £}, and £& = 
{e s : s < erf}. For b, e > 0, let {e ul ,e U2 , . . . ,e Um } be the set of all excursions e £ Sb with 
|e(0) — e((C A crf)—)\ > e. We assume that excursions are labeled so that Uk < Uk+\ for all 
k and we let Ik = Lf k for k = 1, . . . ,m. We also let u = inf{t > : X t £ dD}, £ = 0, 
£ m +i = r , and A£ k = — £ k . Let x^ = e Uk (( A erf)—) be the right endpoint of excursion 
e Uk for k — 1, . . . , m, and xo = X Uo . 

For v £ W 1 , let 

v fe = exp(A£ m S(x m ))ir Xm ■ ■ ■ exp(A£ 1 S(x 1 ))n Xl exp(A£ S(x ))7r X0 v . (2.3) 

Note that all concepts based on excursions e Uk depend implicitly on e > 0, which is often 
suppressed in the notation. Let A\ denote the linear mapping v — > v&. 
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It was proved in Theorem 3.2 in [5] that for every b > 0, a.s., the limit Ab '■= lim £ -+o Al 
exists and it is a linear mapping of rank n — 1. For any vo, with probability 1, Afvo — > AbVo 
as e — > 0, uniformly in b on compact sets. 

Recall the stochastic flow Xf of reflected Brownian motions defined in (11.31) . By Theorem 
3.1 of [3], for every x G D, b > and compact set K C M n , we have a.s., 



lim sup 



{X^-X* f )/e-A b v = 0, (2.4) 

b 



where a x h = mf{t >0:Lf>b}. 

Consider some b > and let a* = inf{t > : Lf V Lj > b}. Thus defined a* is different 
from the random variable with the same name in [3j. But it is easy to check that for any 
value of b > 0, one can choose parameters fc* and c* in [3] (they are discussed after Corollary 
3.2 in [3]), so that the present a* is less than the random variable with the same name in 
[3J. Since this random variable is used as an upper bound for some quantities in arguments 
in [3], we see that all results in |3| still hold with the definition of a* given in this paper. 

For > 0, let 

|eq,e t *,...,e^| = {e t e S b : |e t (0) -e t (C-)| > e*,t < <r*}. (2.5) 

We label these excursions so that t* k < t* k+l for all k and we let t k = for k = 1, . . . ,m*. 
We also let t* = inf{t > : X t E 3D}, £* = 0, t m * +1 = L*, and At k = t k+1 - t k . Let 
x* k = e t *((—) for k = 1, . . . ,m*, and Xq = X t *. Let 

X k = exp(At k S(x* k ))n x * k . 

The arguments in [3] were given only for b = 1 but it is easy to see that they apply equally 
to any fixed value of b > 0. 

Fix an arbitrarily small c 3 > 0. By (3.161) and (3.167) of [3J, there exist c 4 ,c 5 ,c 6 ,£:o > 0, 
0i G (1,4/3) and fa G (0, 4/3 — 0i) such that if X = x, Y = y, \x — y\ = e < Eq and e* = c^e 
then 

\(y a , -X a ,)-X m ,o...o 1 (Y -X Q )\< |A| + H, (2.6) 
where |A| < c^e, F x,y -&.s., and 

F x ' y (\E\ > c 5 e A ) < ce^ 2 . (2.7) 

3. Recurrence of synchronous couplings in 3-dimensional torus 

Let ¥ Xo ' yo denote the distribution of the solution (X, Y) to (Oj) -(Qlh and let E x °> yo denote 
the corresponding expectation. If no confusion may arise, x and y will be suppressed in 
the notation and we will use the notation "P" and "a.s." 
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Lemma 3.1. Suppose that x\ G 3D, C\ G (0, 1/100) and let D 2 = D fl Ci/4). Assume 
that xo,yo G D 2 and \ (xo — yo, n (^i)) I < ci\x — y \ . Let T% = r§ 2 A . Suppose that X and 
Y solve dUD-dLSD with X = x and Y = y - Then \ (X t - Y t , n(a?i))| < Ci|JQ - YJ| for all 
t < T x . 

Proof. For x 2 G <9L> D D 2 and ?/2 G D 2 we have (x 2 — y 2l n(xi)) < ci\x 2 — 2/2 1/2. For any 
£3 G 3D n -D2, the angle between n(xi) and n(x3) is less than ci/2 radians. 

Assume that \{X t — Y t ,n(xi))\ > C\\X t — Y t \ for some t < T\. We will show that this 
assumption leads to a contradiction. Let 



By assumption, T 2 <T\. We have \ (Xt 2 — Yp 2 , n(xi))| = c\\Xt 2 — Yt 2 \ so at most one of the 
points X T2 and Y T2 belongs to the boundary of D. At least one of these points belongs to 
dD because t — > | (X t — Y t , n(x\)) |/| X t — Y t \ is constant over intervals where neither X nor Y 
visit 3D. Suppose without loss of generality that X^ 2 G dD. Then, by the opening remarks, 
(Xt 2 — Yr 2 , n(xi)) < c\\Xt 2 — Yr 2 \/2, and therefore, (Xt 2 — Yt 2 ,h(xi)) = —c\\Xt 2 — Yr 2 \- 
Since the angle between n(xi) and ii(Xt 2 ) is less than ci/2 radians, there exists a random 
time T 3 < T 2 such that L* 2 — L^ > 0, — = and n(X s )dLf forms and angle less 
than ci with n(xi). All these facts and the formula Xt 2 — Yr 2 = Xt 3 — Yt 3 + n(X s )dLf 
show that (Xt 3 — Yt 3 , n{xi)) < —C\\Xx 3 — Yr 3 \, contradicting the definition of T 2 . This 
completes the proof of the lemma. □ 

Lemma 3.2. If x,y eD and x ^ y then F x ^{X t ^ Y u V t > 0) = 1. 

Proof. Assume that for some distinct x,y G D, X t = Y t for some t < 00, with positive 
probability. A standard application of the Markov property shows that there must exist 
r G (0,1/100), Xi G dD and y\ G D such that if we write D 2 = D fl £>(xi,r/8) and 
T x = t* 2 A rl 2 then F Xl ^{3t G [0,Ti] : X t = Y t ) > 0. Fix x x ,y x and r with these 
properties and let Kg = T xl dD fl dB(xi,5). Recall the stochastic flow Xf of reflected 
Brownian motions defined in ([L3]) and note that {X t ,Y t ) = (Xf\X^) under F Xl ' Vl . Let 
(Tfr = inf{t > : Lf Xl > b}. According to Theorem 3.2 of [5] and its proof, for any 
fixed b > 0, Ab has rank 2. In fact, the proof shows more than that, namely, P xi -a.s., 
mi veKs |^4t(v)| > 0. This and f!2.4p imply that for any b > 0, 



Since the stochastic differential equation (jl.ip has a unique strong solution, if Xf = X\ for 
some t, then Xf = X^ for all s > t, a.s. Hence, the last formula can be strengthened as 



T 2 = M{t>0:\(X t -Y t ,n{x 1 ))\>c l \X t -Y t \}. 
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follows, 

limP 11 ( inf inf I X Xl+v - X? 1 1 /Ivl > ) = 1. 
<5^o \veK 5 o<t<a b 1 y 

For every > 1 find > such that 

P* 1 ( inf inf |Xf 1+v - X, Xl | /Ivl > J > 1 - 2~ fc . (3.1) 

It follows from Lemmas 3.3 and 3.4 of [3] and their proofs that there exist stopping times 
Sk such that Sk — > oo as k — > oo, and |X t x — Xf | < &|Xq — Xq | for al x,y E D and t G [0, SV|, 
a.s. We can assume without loss of generality that 5k — > as k — > oo. We make 5k > 
smaller, if necessary, so that \X% 1 — X%\ < r/8, for all y G K$ k and t G [0, Sk], a.s. By passing 
to a subsequence, if necessary, we may assume that 

nS k >d b )>\- 2- k . (3.2) 

If we let 

Fl = {\m~Xl\ < r/8, Vy G K 5k ,t g [0,5*]}, 

Fl = { $ n<?< f " l X " +V - X "l /|V| > °) ' 
{veK Sk 0<t<a b J 

then, by (EH) and (Q, P(F fc ) > 1 - 2~ fc+1 . 

Consider the case when \(xi — j/i,n(rri))| < (r/8)|si — Let fco be so large that for 
> ko, \(xi—z, n(xi))| < (r/A)\xi — z\ and \{z—yi, n(xi))| < (r/4)\z— yi\ for all z G K$ k . Let 
Tj = T a ^ A Tq D . Suppose that T 2 2 = T£. Then |(X^ 2 - F T| , n(X* 2 ) >| < (r/2)|X* 2 - F T| |. 
If holds then XI G B(xi,r/A) for all t G [0, a b ] and z G X^. Hence, we can apply 
LemmaOto see that \(X t z - Y t ,n(X^))\ < (r/2)\X t z - Y t \ for all t G [T|,a 6 ]. A similar 
argument applies in the case T| = Tj^, and gives |(Xf — Y t , n(lr 2 ))| < ( r /2)|Xf — Y t \. The 
claim holds for all z G X^ simultaneously because Lemma 13.11 is deterministic. Similarly, 
|<Xf - XI n( Xl )}\ < (r/2)\XP - Xf | for all t G [Tj, a 6 ]- 

The above estimates have the following topological interpretation. Recall that 7r Xl z denotes 
the projection of z on T xl dD. Assuming that F% holds and t is fixed, the set T t = tt Xi {X^, x G 
Kg k } is a closed loop that contains Tr Xl X t inside. When t goes from to (76, ir Xl X t , ir Xl Y t and 
r t evolve continuously. If X t = Y t for some t then we must have tt x1 Y s = ir xl X^ for some 
x G Ks k and < s < t, and, therefore, X t = Xf . But this means that F% does not hold. 
Since f(F k ) > 1 — 2~ fe+1 , we conclude that the probability that there exists t G [0, 07,] such 
that X t = Y t is less than 2~ k+1 . Since A; and b are arbitrarily large, P Xl,yi (3t G [0, Ti] : X t = 
Y t ) = 0. 
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Next consider the case of arbitrary Xo = x\ G 3D and Yq = y\ G D2. Assume that 
pasi,j/i g [0, Ti] : = X t ) = pi > 0. We will show that this assumption leads to a contra- 
diction. Let A = {y E D : \xi — y\ = \x\ — yi\, {x\ — y, n(a;i)) = (xi — y, n(a;i))}. The set A 
is a circle, possibly with a zero radius. If the radius of A is 0, that is, if A contains only y±, 
then x\ — y± is parallel to n(xi). It is easy to see that with probability 1, there exists time 
t < Ti such that X t 7^ Y t , X t G 3D, and X t — Y t is not parallel to n(X t ). Let Uk be the 
smallest such t greater than 2~ k . We can apply the strong Markov property at time Uk, for 
every k, and the result proved below for the case when A does not reduce to a single point. 

Hence, we will assume from now on that the set A is a circle with a non-zero radius. 
Consider any y\ , 7/2 G A and reflected Brownian motions X yi and X m . We will show that 

p C& 1 i*r-*H> ) = 1 - (3.3) 

If the processes X yi and X V2 do not hit dD before T\ then of course they do not meet 
before T\. If they hit the boundary of D then we can suppose without loss of generality that 
T 3 := T^ 1 < T^ 2 . Then \(Xt 3 - Y n , n(X Ta ))\ < (r/8)\X n -Y Ts \. We see that (Q holds 
by the first part of the proof and the strong Markov property applied at T 3 . Since we have 
assumed hat P* 1 ^ 1 (3t G [0,Ti] : \Y t - X t \ = 0) = p x , we have 

P^(y Tl =X Tl )= Pl , (3.4) 

because once any two solutions meet, they have to stay identical forever, by the strong 
uniqueness. Now choose n distinct points y\, . . . , y n in A, with n> 2/p\. By (13. 4p . symmetry, 
and (13 .3p we have 

P(X^=X*)=Pi, J = l,-..,n, 
P(X^=X^)=0, z^j. 
This is a contradiction. The proof is complete. □ 

Lemma 3.3. For any b > and 0i G (0,1) t/iere exist cq,/32,Eq > snc/i t/iat if e < Eq, 
x,y G D and \x — y\ = £ then 



X.LI 




X a x,niX a x 



> co^ 1 I < e h - (3.5) 



Proof. The proof is similar to the proof of Lemma 4.6 in pE] so we only sketch the main ideas. 
The paper |4] is concerned with 2-dimensional domains but it is easy to see that the results 
from that paper that we use here apply to multidimensional domains. 

By Lemma 4.1 (ii) of H], ¥(L Y X > a) < c\e~ C2a . Hence, for any (3^ > and some (3^ > 0, 

HlZx > Ai|loge|) < Cl exp(-c 2 /3 3 |log£|) = c^. 
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If the event A\ := {L Y X < /3 3 | loge|} holds then, by Lemma 3.8 of [I], 



sup \X t - Y t \ < \X - Y \ exp(c 4 (l + 3 \ logs])) < c^~ c ^ = c^ 1 -^, 



te[o,<xf] 



where (3 5 is defined as c^. Choose (3 3 > so small that we can find j5\ and f3 e such that 
I3 5 < ft < & < 1 - ft. 

Let Ti = inf {t > : X t G d£>} and {^, < t < of - 1\} := {X a x_ t , < t < af - TJ. If 
we condition on the values of Xx 1 and X a x , the process V is a reflected Brownian motion in 
D starting from X a x and conditioned to approach Xt x at its lifetime. It is easy to see that 
n\X Tl -X aX \<e^)<c 6 e?K 

Suppose that the event A 2 := {dist(Xr 1 ,X (7 x) > e^ 1 } holds. Conditional on this event, 
the probability that V does not spend units of local time on the boundary of dD before 
leaving the disc ^(Vo,^ 1 ) is bounded by c-jE^~^ . Let A 3 be the event that V spends 
£ P6 or mc ,re units of local time on the boundary of dD before leaving the disc ^(Vo,^ 1 ). 
Let T 2 = sup{t < erf : X t B(V Q , e? 1 )}. If A 3 holds then Y must hit dD at some time 
t G [T 2 ,a b ] because e^ 6 > c^e 1 ' 135 for small e, i.e. the amount of push given to Y exceeds 
the maximum distance between the two processes. We also have X a x G dD. The maximum 
angle between normal vectors at points of dD fl ^(Vo,^ 1 ) is less than cge^ 1 . A modification 
of Lemma 13. II shows that \(X a x —Y a x ,n(X a x))\ < \X a x — Y a x {cqE^ 1 . Recall that, by Lemma 
13.21 \X a x — Y a x | > 0, a.s. We have shown that (13. 5p holds true if A\ fl A 2 fl A 3 holds. Since 
Li n A 2 n A 3 ) c ) < + c 6 e^ + c 7 £^ e ~ pl , the lemma follows. □ 



Let of = inf{s > : Lf > t}, a Y = inf{s > : L Y > t} and a* b = of A a Y . 
The random variable o~ b was denoted a* in Section 12.41 for consistency with the notation of 
[3]. The new notation, is more appropriate for this paper. An alternative formula is 
o\ = inf{t > : Lf V Lj > b}. Hence, according to this convention, one would expect that 
a kb = inf{t > : Lf V Lf > kb}. It will be convenient to give a different meaning to a* kb , 
namely, a* (k+1)b = inf [t > a* kb : (Lf - LfJ V (L Y - L Y J > b] for k > 1. Let 

R t = \X t -Y t \, M t = \ogR t , t>0, (3.6) 
V k = M atb , k = 0,1,... 

Lemma 3.4. For any 0i G (0, 1) and p < 1 there exist (3 2 ,ci,b, E\ > such that if e < E\, 
x G dD, y G D, \x - y \ = e, X = x , Y = y and 

\(y -x ,n(x ))\ < ^ 

then 

" yo (V^i - V > ci) > p. (3.8) 
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Proof. Step 1. Recall the results from j3] reviewed in Section 12.41 Suppose that > 0, 
Xo G dD, v G T Xo dD, |v| = 1, Xq = xq and let e u be the first excursion of X from dD with 
|e u (0)-e u (C-)| > e*. Let x x = e u ((-) and a = 3/4. We will estimate F x °(\x -e u (0)| > e?) 
and E x ° (| log |7r a . 1 v| |l{|i -e«(o)|<e?}) • 

Let £/i = £(x , £*) n 9D, £4 = (B(x , fee*) \ Bfao, - l)e*)) n <9L> for jfe > 2, and T = 0. 
Let j fc be such that T k G f/ Jfe , and T fc = inf{t > T fe _i : X t e dD\ (U jk -i U £/, fe U t/, fc +i)} for 
fc > I. 

Recall that u denotes the starting time of the first excursion of X from dD with |e u (0) — 
e «(C — )l > £ *- Let px be the probability that \xo — e u (0)| < and note that p\ > 0. The 
strong Markov property applied at T k shows that F xo (u < T k+ i \ u > T^) > p\. It follows 
that F x °(u > T k ) < (1 -pi) k . For the event {\x - e(0)| > e?}, we have to have it > T k with 

> £?/(2e*). It follows that, setting c x = -(1/2) log(l - pi) > 0, 

P xo (ko - e u (0)| > e?) < (1 - Pl ) e ?/( 2e *> = exp(-c l£ r 1 ). (3.9) 
Let /3 = 5/8 and note that if \x x — x \ < then | log |7r xi v|| < c 2 e 2/3 . Hence, 

E X0 (|log|7r a . 1 v||l { [ X0 _ eu(0 )|< E? }) =E X0 (|log|7T ail v||l { [ S0 _e u (0)[< e «}l { | a . 1 _ a!0 |<^ } ) (3.10) 



+ E X0 (j bg|7T ail v||l { [ S0 _e u (0)[< e a}l 



{\x 1 -x \>e l i} 



l 7! "xiV||l{| a:o _ eu (o)|< e? }l { | :l . 1 _ a . |>4 } I • 



<c 2 ef + E*°(|log| 

It follows from (14. ip and (14. 8p that for large p, small e*, \x% — xo\ > e% and \xq — x\ < e", 

< r < v °* _;r < 1 + (s.n) 



ff*(e c _ G dxQ < \x- Xl \- 3 < (e? 
#*°(e c _ G dari) ~ |x -a^- 3 ~ e - 3/} 



Let c* = \/2 + log2 — 2 — log (1 + a/2) ~ —0.77 be the constant in the statement of Theorem 
14.11 (ii). Theorem 14.11 (ii). the exit system formula (12. ip and (13. lip imply that for arbitrarily 
small C3 > 0, any C4 G (— c*, 1), large p and small £*, 



E 



.Co 



(|l°gK*iV||l{|s o -e„(0)|<eJ}l 



E 



.Co 



{|xi-a;o|>£*} 

/f V " * I |,,L ' l 7r e(C-)V||l { |x -X u |< £? }l { | e(C _)_ a:o |>4 } 
^ ( 1 {[e(f-)-X u |> e .}) 



< 



< 



(1 + 6e«-P)H X0 (j log 



7r e(C-) V ll 1 { |e(C-)-xol> £ e} 



(l{|e(C-)-xo|>e.}) 

(1 + 6s^)(c 3 + a/2 + log 2 - 2 - log(l + a/2)) 



^ X '° (l{|e(C-)-* |> £ ,}) 

< C 4 /H X0 (l {]e{c „y xo] > E4 ) . 
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We combine the last estimate and (I3.10P to obtain 

E X0 (| log K a , 1 vIIl{j a , _ eit (0)|<e?>) <C 2 ef + C 4 /H Xo (l m _y xo{ > £ « } ) 
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(3.12) 



Recall the notation from the paragraph containing (12.5ft . Consider an arbitrary vo G M 3 . 
Since dD is a sphere with the unit radius, S(x) is the identity operator so = exp(A£* k )ii x * 
and, therefore, 



l m * o ■ ■ • o J (v ) = exp 



E WW. 

vO<fc<m* / 



o • • • o n x *[y ) 



(3.13) 



= exp (C«+i) o • • • o 7r x g(v ) 

= exp (Ira,)^. o ■ ■ • o 7T x .(v ). 

We want to find a lower bound for the above expression. Since exp (L CT ») > 1, it will suffice 
to analyze the composition of projection operators. We have 



log \tT x ^ O • • • O 7Ta..(Vo) 



(3.14) 



( log I 71 *! ° ' ' ' ° nx o ( v °) I ~~ lo S ^J-i ° • • • ° t*5 ( v o) ) + log 1 7T X * (v ) I . 



Kk<m* 



By the strong Markov property applied at the excursion endpoint s^-i '■— Wjfe-i+e Ufc _ 1 (<£ — ), 
the conditional distribution of 



log \ti x * o • • • o 7ra. s (vo)| - log 



7T r * O 



° ^.(Vq) 



given J 7 .^! is the same as that of | log l^vll, introduced at the beginning of the proof. Let 



F k = | log l^* o • • • o 7^. (v ) | - log 



7T T * O • • • O 



We see that events Fk, k > 1, are independent and so are random variables 



log \7r x * o • • • o 7r a . 5 (vo)| - log 
It follows from ( 13TT2]) that 

E Z ° ( log |7T X * O - • • O 7^. ( V ) | - log 

< c 2 ef + cjH x ° (l { | e(c _)_ X0 |> £ , } ) . 

Thus the process 

N n = n(c 2 ef + c A /H x » (l {|e(f 

- E log 1^. o • • • o 7r x5 (vo)| - lo. 



Tr^o-.-oTr^Vo) 



If,.. 



(3.15) 



7r x *_ i O ■ ■ ■ O 7T X *(V 0/ 



Kk<n 



f*;_ a °---°^ s (v ) 
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is a submartingale. By the optional stopping theorem, E 2 °A m * > 0, so 



E 2 ° ( |l0g|7T x j O...O7T sS (v )| -l0, 

\l<jfc<m* 

< W°m*(c 2 e 2 / + c A /H x ° (l {le{ ^y Xo ^ Et} )) 



If, 



(3.16) 



It is easy to see that H x ° (l{| e (^_)_a; |> £<t }) < 05/5*. It follows from the definition of m* and 
the exit system formula ( 12.1 j) that m* has the Poisson distribution with the expected value 
bH x ° (l{| e (^_)_ :E0 |> ej ,}) . These observations and (13 . 16[) yield for some cq > 0, any cj G (03, 1) 
and small £*, 



E 2 



7T:r* O • ■ ■ O 



7T^(Vo)| - log 



\l<fc<m* 



7T r * O ■ ■ 
x fe-l 



o7r xS (v )|| J] (3.17) 

l<j<m* J 



<E : "| ^ |log|7r^o...o7r a! .(vo)|-log 

v l<fc<m* 
.2/3-1 



7T r * O • • • O 



^s(vo) 



-Fit 



< (ceef- 1 + c 4 )6 < c 7 b. 



In addition, since we are dealing with a sum of i.i.d. random variables given in (I3.15p . and 
the sum has a Poisson number m* of terms with large mean, it is easy to see that for any 
c 8 G (c 7 , 1) and p 2 > there exist bi and e such that for b>b\ and £* < £ , 



p 2 ° j | 1q ? 

\l<fc<m* 



7T 



x , o • • • O TT X * (v ) | - log 



7T r * O • • • O 



^(Vo) lF fc > C 8 6 J < p 2 - (3.1J 



A similar argument based on the strong Markov property applied at times Sk and the 
optional stopping theorem for submartingales, combined with (13. 9p . gives 



P 2 ° ( [J F fe c j < E 2 °? 

\l<fc<m* / 



m*exp(-ci< L ) < c 9 exp(-ci< l )e 1 



(3.19) 



Step 2. Recall the notation from Section I2T41 We copy below (I2.6p - (I2.7I) because these 
estimates are crucial to the present argument. Fix an arbitrarily small Cio > 0. There 
exist en, C12, Ci3, £o > 0, /?i G (1,4/3) and fa G (0,4/3 — fa) such that if X = x, Y = y, 
\x — y\ = e < e and = C\\E then 



\{Y a * -X al )-Z m *o...o 1 (Y -X Q )\< |A| + E, 
where |A| < cio£, P^-a.s., and 

r*(|s| > Cl2 £ ft ) < c^ 2 . 



(3.20) 



(3.21) 
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We have 

log 71V t O • • • O TTjej {Y - X ) 



(3.22) 



|tt x * o • • • o tt x * (Y -X )\- log vr :r ._ i O • • • O TT X * (Y - X ) 



= E (* 

l<fc<m* 

+ iog|7r s5 (y -Xo)|- 

It follows from (13 .7\\ that 

loge - log \tc x *(Y -X )\ = logs - log \-7r Xo (y - x )\ < c u e 2Pl . 

We combine this with (I3.18p . (I3.19P and (I3.22|) to see that for any ci 5 G (c 7 , 1) and p 2 > 
there exist 6 2 and E\ > such that for b > b 2 and £ < £1, 



(3.23) 



P 



log 



> ci 5 6 <p 2 - 



(3.24) 



n x * , o • • • o ^.(Fq - X ) 

A special case of A3. 13j) is 

X m * o ■ ■ ■ o Z (Y - X ) = exp (L a *) -K x * m<t o ■ • • o ir x *(Y - X ). 
This implies that 

log \X m * o ■ ■ ■ oX (Y - X ) I = L a * + log n x * mt O • • • O TT X * (Y Q - X ) 
On the event {cr£ = cr*}, we have L a * = b so if \xo — yo\ = £ then, in view of (I3.23f) and 

¥ B °' yo (log |X m * o ■ ■ ■ o X (F - Jf )| - 6 - bge < -c 15 6 and a* = of) 
= P*°'«° (log |X m * o ■ ■ ■ o J (y - X )\ < (1 - c 15 )6 + logs and a* b = a* ) < p 2 . (3.25) 
Let Ciq = 1 — C15 > 0. If cr£ = o"^ and the event in (I3.25|) does not hold then 

|X m » o ■ ■ ■ o I (Y - X ) I > e exp(ci 6 6). 
Recall from (I3.20p that we can assume that |A| < cio£, a.s. Therefore, 
\X m * o ■ • • oX (Y" - X Q ) \ - |A| > e(exp(ci 6 6) - c w ). 



It follows from (13. 2 1 p that for small e, 
that 



(3.26) 



> ci e) < P2- This, f l3T25|) and fl3T26|) imply 



P** (|X m . o ■ ■ • oX (Yo - X )\ - |A| - |S| < £(exp(c 16 6) - 2c 10 ) and a* b = of) < 2p 2 . 
We combine this estimate with (13.201) to see that 



(3.27) 



¥ *o,yo ^ Ya x - X a x)\ < e(ex V (c w b) - 2c 10 ) and a* b = o{ 

= F* * (\{Y a * - X a *)\ < £(exp(c 16 6) - 2c 10 ) and = a?) < 2p 2 . 

We choose large 63 so that for b > 63, cyj = 017(6) := exp(ci6&) — 3cio > 1. Let ci 8 = logci7 > 
0. Recall that x G dD, y G D, and let T' = inf{t > : \X t \ = \Y t \}. Note that the 
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distribution of {X t , t > T'} is the same as that of {Y t , t > T'}. Moreover, Y t <£ 3D for t < V 
and, therefore, L\, = 0. It follows that ¥ Xo ' yo (a^ = af ) > 1/2. This and (EOT)) imply that 

P *o,yo _ Vo < Clg ) = P *o,yo ( log | (y^ _ X<f x ) | - log e < log c 17 ) (3.28) 

= P xo ' yo (jO^f - )| < e(exp(c w b) - 2d )) 
< 4p 2 . 

The lemma is proved. □ 
Recall notation from (13. 6p . 

Lemma 3.5. For any Pi G (0, 1/2) there exist (3 2 ,b,Ci,Ei > and a cumulative distribution 
function G : M — > [0, 1] satisfying \a\ dG(a) < oo and swc/i t/iat if £ < S\, Xq G dD, 
yo G £>, \x - y \ =e, X = x , Y = y and 

\(y -x ,n(x ))\ < ^ ^ 2g ^ 

1 2/o - £o| 

i/ien i/iere exists an event F such that 

F Xo ' yo {F c ) < c t e p \ (3.30) 
W ' V0 {\V x -V Q \l F <a)<G{a), a G E. (3.31) 

Proof. Step 1. It follows from (13 . 2 7f) that for some > and c 2 = 02(0), assuming that 

\xq — yo\ = £ < and (13.291) holds, 

P -o, y o (| F(7 , _ X(t , J < C2£ ) < pi , (3.32) 
Lemma 3.4 of [3] and its proof show that there exists c 3 > such that for all t > 0, P-a.s., 

\X t - Y t \ < exp (c 3 (Lf + L t y )) |z - 2/o I - (3.33) 



Hence, 



inf \X t - Y t \ > exp(-2c 3 6)|X < - Y a *\. (3.34) 



Let C4 = exp(— 2C36) and C5 = C2C4. It follows from (I3.32|) and (13.341) that 

F xo ' yo ( inf \Y t - X t \ < c 5 e) < pt, (3.35) 
sup \Y t — X t \ < c^e, a.s. (3.36) 

0<t<tT* 

We set cq = (—2 — 2c 3 o) A logcs and cj = e C6 . Obviously, f !3.35|) implies that 

F xo ' yo ( inf \Y t - X t \ < c 7 e) < pt. (3.37) 
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Let 

S 1 = M{t >0:V t -V < c 6 }, 

with convention that inf = oo. Note that at least one of the processes X and Y must 
belong to dD at time S\. We will assume that X Sl G dD; we will discuss this assumption 
below. Let 

U x = mf{t > Si : Y t G dD}. 

We proceed by induction. Let 

S k = M{t > U k - X : V t - Vu^ < c 6 }. 

Either Xs k G dD or Ys k G dD. We will assume that Xs k G dD in the following definitions. 
If Ys k G dD then we exchange the roles of X and Y in the definitions of all objects related 
to S k . We will present the argument only in the case X$ k G dD because the estimates hold 
in the other case by symmetry. 

Fix some (3^ and (3^ such that j3\ < f3 3 < /3 4 < 1/2. Let z k G dD be the point such that 
n { z k) = |yg fc _Xg fc | ' an d f° r some c-j and c$ to be specified later, 

F k = {S k < a* b }, 

Q k = a{B u t < S k ), 

J k = mm{n G Z : \X Sk - z k \ > 2~ n }, 

U k = M{t >S k :Y t e dD}, 

U k = a(B t ,t<U k ), 

dk = - yt7 fc _i|, 

4 = {2- Jfc > d*}, 

C fc = {c/ fe < inf > S k : \X t -X Sk \> rff 4 }} , 

G fc = {|x^-Y^>c 7 2- Jfc 4}, 

gt= { i^-^^»i <^ p ,-^}, 

I \ X U k -Yu k \ ) 

A k = Jfe n Ca,. n Gfc n 

Since i^-i C A k _i, it follows from (I3.37j) and the strong Markov property applied at U k ^i 
that on F k -i fl flj^-i 

P(S*<<x 6 *|?4-i)<;Pi. (3.38) 
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Step 2. In this step we will prove that, for some eg, cio < oo, k > 1 and m such that 
2" m > d{\ 

nA c k \g k )<c 9 4 3 onF k n P| A i; (3.39) 

i<fc-i 

P(J fc > m | &) < cio2" m on F k n f| A,. (3.40) 

i<fc-i 

By the definition of S k , \Xg k — Ys k \ = c-jd k , if S k < oo. We have assumed that Xg k G dD 
so dist(ys fe , 9D) < c-jdk- We apply Lemma 3.2 of [I] to the process Y at the stopping time 
Sk to obtain 

P(C^ | G k ) < cn4 _/34 onF fc n f| Aj. (3.41) 

i<fc-i 

Note that the proof of Lemma 3.2 in [I] is presented in the multidimensional setting although 
that paper is concerned with two-dimensional domains. 
We obtain from (13. 33 p . 

sup \X t -Y t \< c A \X Uk ^ - Y Uk _ x | = c 4 d k . (3.42) 

C/fe_l<t<(T* 

Let U k = sup{t < U k ■ Y t G dD}. It is easy to see that, a.s., U k < S k < U k , for k > 2. The 
case k = 1 requires minor modifications so we will omit the proof. Random times U k and 
Uk are the endpoints of an excursion of Y from dD. Suppose that Jk > m and 2~ m > d k 3 . 
Then \X Sk - z k \ < 2~ m+l and, using fl3^2|) . 

|^5 fc - **| < |^ 5fc - z fc | + \X Sk -Y Sk \< 2- m+1 + c,d k < 2- m+2 . (3.43) 

Suppose that swpTj* <t<s XGdD \Y t — z k \ < C12 := 1/400. We will show that this as- 

k — — fe ) * 

sumption leads to a contradiction. The assumption and (13 .36j) imply that, for small e, 
su Pu*<t<s k ,x t &dD \Xt — Zk\ < 2ci2- This in turn implies that for all t G [U k ,Sk] such that 
X t G dD, the angle between n(X t ) and n(z k ) is less than 4ci2- It follows that the angle be- 
tween J* * n(X t )dLf and n(z k ) is also smaller than 4ci2- Note that Y t ^ dD for t G S&] 
by the definition of U k . Thus f v » n(Y t )dLY = and, therefore, 

k 

X Sk - Y Sk = Xu. - Yu* + n(X t )dL?. (3.44) 

Recall that Xs h — Yg k is a positive multiple of —n(z k ), Yjj* G and Xg k G <9-D. This 
and the fact that the angle between n(X t )dLf and u{z k ) is smaller than 4ci2 show that 

k 

( I3.44p cannot be true. This contradiction implies that sup u * <t<Sk XtedD \ Y t — z k \ > C\i- We 
combine this with f!3.43j) to see that swpu* <t<SkXtedD \Y t — Ys k \ > C13 := C12/2, for some mi 
and all m > m\. Suppose that S\ is such that U k < si < S k ,X Sl G dD and \Y S1 — Y Sk \ > C13. 
Then either \Yu* — Y$ k \ > ci 3 /2 or \Yu* — Y Sl \ > c\ 3 /2. Since Xs k G dD, it follows that there 
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exists s 2 such that U% < s 2 < S k ,X S2 G dD and \Yjj» — Y S2 \ > c 13 /2. We record this for 
future reference, 

sup \Y t -Y u; \>c 13 /2. (3.45) 

U*<t<S h ,X t edD 

Recall notation related to excursions from Section [231 We will determine the .fP-measure 
of the event that an excursion closely approaches dD away from its endpoints. More precisely, 
consider an arbitrary ci 4 G (0, Ci 3 /2) and let 

T = inf{t > : dist(e(t), dD) < c 4 d k , |e(0) - e{t)\ > c u }, 
A={T<(,\e((-)-e(T)\>c 14 }, 

A= (t<C, sup \ e ((-)-e(t)\>4* 

I T<t<C 

An application of Lemma 3.2 of [I] and (12. 2p give 



( sup |e(t)-e(0)| > c u J 
\o<t<C / 



H X (T < C) < H x [ sup \e{t) - e(0)| > c i4 < Ci 5 . (3.46) 



Another application of Lemma 3.2 of [1] and the strong Markov property at the stopping 
time T yield 

H X (A | T < C) = # x (|e(C-) - e(T)\ > c 14 | T < C) < c 16 c 4 4- (3.47) 

We combine this and (13.461) to see that, 

H X (A) < c l7 d k . (3.48) 

The exit system formula (12. ip implies that the probability that there exists an excursion of 
Y belonging to the set A and starting in the time interval [£4_i, al] is less than bcndk- Let 

1\ = {3 1 e [Ul U k ] : X t e dD, \X t - X vl I A \X t - X Uk \ > c 14 /2} . 

It follows from (I3.36P that if X t G dD for some < t < a* h then dist(F t , dD) < c 4 e. Assume 
that e is so small that c 4 e < c 14 /2. If I\ occurred then Y had an excursion belonging to the 
set A. We have proved that the probability of this event is bounded by cnbd k - Thus, 

p({ J k > m} n 4 1 1 g k ) < c 17 bd k on F k n f] Aj. (3.49) 

j<k-l 

The following is a special case of (I3.49p . with m defined by 2~ m ~ 1 < d^ < 2~ m , 

p(4 c n i\ l g k ) < c 17 bd k on F k n f| A 5 . (3.50) 

j<k-i 

Let 

Si = inf {t > U* k : X t G <9A |Y t - 1 > c 14 } , 
C, 1 = [U k < inf{t > S\ : |X t - > 
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The same type of argument which was used to show (I3.47P and (13.481) gives 

H*{A | T < = H* ( sup |e(C-) - e(t)| > d{ 4 | T < A < c l& d\^ 4 , 

\T<t<C J 

and 

H*(A) < c 19 dl^. 

The exit system formula (12. ip implies that the probability that there exists an excursion of 
Y belonging to the set A and starting in the time interval [£/fc_i,cr£] is less than bc\gd\~^ 4 . 
It follows from (ET351I that if X t G 3D for some U k ^ < t < a* b then dist(F 4 , dD) < c 4 d k . For 
small £ > 0, d k is also small so c^d k < d^ 4 . Therefore if C\ occurred then Y had an excursion 
belonging to the set A. We have proved that the probability of this event is bounded by 
Ci$bd]r . Thus, 

P((Cfc) c I Qk) < cigd 1 -^ onF k n p| A r (3.51) 

j<k-i 

Let C20 > be such that there are no vectors v, w e M 3 satisfying these conditions: (i) 
| w | > c 7l v l > 0; (ii) the angle between v and w is greater than a, and (iii) the angle between 
w — v and w is less than a/c2o- 

Suppose that the event { J k G [m, m + 1]} PI (I k ) c H C k H C\ occurred for some m such that 
2 _m > df 3 . Note that Si < S k because of (I3.45p . Let a k be the angle between X s i — Y s i 
and Xs k — Y Sk . We will consider two cases, when a k > 4c2oC222~ Jfe and a k < 4c 2 oC222 _Jfc , 
where C22 is a constant whose value is specified below. 

Suppose that a k > 4c2oC222~ Jfc . For all t G [Si, S k ] such that X t G dD, the angle between 
n(X t ) and n(Xs k ) is smaller than C2i(if 4 because C\ holds. It follows that the angle between 
Jgi n(X t )dLf and n(X,s k ) is also smaller than C2\dP k 4 . Since J k > m, the angle between 
n(zi) and n(X,5 fe ) is smaller than or equal to 2~ m . This is equivalent to saying that the 
angle between Xs k — Y$ k and n(Xs k ) is smaller than or equal to 2~ m . It follows that the 
angle between fjjt n(X t )dL? and X Sk - Y Sk is smaller than 2~ m + c 21 d% 4 < 2~ m + c 2 irff 3 < 
2- m + c 2 i2~ m = c 22 2- m (this defines c 22 ). Note that Y t £ dD for t G [Si, S k }. Thus 
J s i n(Y t )dLj = and, therefore, 

X Sk - Y Sk = Xgi - Ygi + n(X t )dL*. (3.52) 

It follows from the definition of S k and the fact that Si G [U k ^i,S k ] that \X Sk — Y Sk \ > 
c-j\X s i — Y s i\. Recall that a k , the angle between X s i — Y s i and Xs k — Y$ k , is assumed to be 
greater than 4c 2 oC222~ Jk > 4c2oC222~ m_1 = 2c 2 oC222~ m . This, the fact that the angle between 
fgi Yi(X t )dLf and X Sk — Y Sk is smaller than c 2 22 _m , the definition of c 2 o and (13.521) yield a 
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contradiction. Hence, we must have a k < 4c 20 c 2 i2~ Jk if { J k G [m, m + 1]} D (/^) c fl fl 
holds. 

If occurred then sup s i <t<Uk \X t — X s i\ < d^ 4 . Since S k G [Sl,Uk], it follows that 
\Xjj h — X Sk \ < 2d^ 4 . This implies that 

\Y Uk - X Sk | < \X Uk - X Sk | + \X Uk - Y Uk | < 2d^ + c 4 4 < c 23 d^. 

Let ^ G <9-D be defined by n(zj£) = (Y51 — Xsi)/|Ysi — Xgi|. If we assume that a k < 
4c 2 oC2 2 2- J ' i then \z k -z\\< c 24 2~ Jk < c 24 2~ m . If 2~ m > d^ then 

\Y Uk - z k \ < \Y Uk - X Sk \ + \X Sk - z k \ + \z k - z\\ (3.53) 
< c 23 rff 4 + 2- Jfc+1 + c 24 2- m < c 23 ^ 4 + 2~ m+1 + c 24 2- m < c 25 2- m . 

The event in (I3.53P expresses a joint property of an excursion of Y from dD over the interval 
[U k ,U k ] and the process X, because the definition of z\ involves X. We will estimate the 
probability of this event using excursion theory. 

Let Tj be the starting time of the j-the excursion ej of Y from dD with the property that 

sup |ej(0) - ej(t)\ > C14, (3.54) 

0<t<( 

and let 

Tj = M{t>Tj :\Y Tj -Y t \>c u }, 
Tj = m£{t > Tj : X t G dD}, 
Tj = inf{* > Tj : Y t G dD}. 

The number of excursions Cj starting before cr£ and such that Tj < Tj is Poisson with the 
mean bounded by c 2 §b, by (12.11) . Consider an excursions ej such that Tf < Tj. Note that 
Tj is a stopping time for Y (although Tj's are not stopping times). Let z? G dD be the 
point such that n(^) = (Y T 2 — X T 2)/\Y T 2 — X T 2\. Since neither X nor Y visit dD during 

** 3 ' 3 3 3 

the interval [Tf, Tf], we have n(z?) = (Y T 3 — X T 3)/\Y T 3 — X T ?\. We can assume that C14 > 

** j '3 3 3 

is arbitrarily small. If C14 is sufficiently small then it is easy to see that the angle between 
Y T 2 — X T 2 and n(Y T i) must be bounded below by a strictly positive constant and, therefore, 
the distance between zj and Y T 2 must be bounded below by c 2 j > 0. Note that is 
measurable with this respect to the cr-field J 7 ^, so we can apply the strong Markov property 
at Tf to obtain the following estimate. Given the values of Y T 2 and z?, and assuming that 
|Y T ? — z 2 A > C27, the probability that Y T 4 G B(zh c 2 ^l~ m ) is smaller than c 2 82 _m , by the 

3 •* 3 * J 

standards estimates for the hitting distribution of the sphere. Hence the expected number of 
excursions ej starting before cr£, such that (I3.54I) holds and Y T 4 G B(Zj, c 25 2~ m ) is bounded 
by c 2 gb2~ m . This implies that the probability that such an excursion will occur is less than 
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or equal to C2sb2~ m . If the event in f !3.53|) occurred then there exists an excursion ej with 
the properties described above. Taken together, these observations prove that, 

F({j k e [m,m + l]} n (4 1 ) c nc k ncl\ g k ) < c 28 2- m on F k n fl Aj. 

j<k-l 

Summing over m > m', we obtain 

P({ J k > m'} n (4 1 ) c n c fc n c\ \ g k ) < c 29 2~ m ' on F k n f| A,-. (3.55) 

j<fc-l 

We combine (EOT)) . (13^91 . (I3~5T|) and fl335|) to see that (EOOj) holds. 

The following is a special case of (I3.55p . with m' defined by 2~ m '~ 1 < d k 3 < 2~ m ' , 

P(4 C n (il) c nc k ncl\ g k ) < c 30 4 3 onF fc n f| A r (3.56) 

j<k-i 

Let 

S J k = mf{t>S k :\X t -Y t \<2-i}, 
C{ = [U k < M{t > Si : \X t - Xp\- > 2"'"*}} . 
If S k < U k then Xp G dD. Thus the following estimate can be proved just like f)3.4ip . 

k 

F((dl) c n {S 3 k < U k } | Q k ) < c 31 2- j{1 - M onF fc n fl Aj. (3.57) 

i<fc-i 

Let jo be the largest j such that S k holds. Since Xp G <9-D and Yjy fc G <9-D, there is 
t G [Sjj° , £7 fc ] such that dist(X i; dD) = dist(Y t , &D). Let S'f be the smallest t > S J k ° with this 
property. We apply Lemma [37T1 at the stopping time S J k ° to see that, if c 8 in the definition 
of H k is chosen appropriately then C J k C H k . This and (I3.57f) imply that 

/ \ 



¥(H c k nc k \g k )<¥ 



j ■ 



(3.58) 

Suppose that I k nC k nH k holds. Recall that fa > fa. This implies that for small e%, d k is 
much smaller than d k and, therefore, d k is much smaller than 2~ Jk . For all t G [5*., such 
that X 4 G <9-D, the angle between n(X t ) and n(Xg fc ) is smaller than c 33 d k 4 . It follows that 
the angle between J s k n(X t )dLf and n(X Sk ) is also smaller than c 33 d k 4 . The angle between 
n(Xs k ) and n(z k ) is greater than 2 _Jfe . This implies that the angle between xv{X t )dLf 
and n(z k ) is greater than 2~ Jk ~ 1 . Note that Y t ^ dD for t G [S^, U k ] by the definition of U k . 
Thus J"^ fc n(Y" t )<iL^ = and, therefore, 

X Uk - Y Uk = X Sk - Y Sk + I " n(X t )dL?. (3.59) 

Js k 
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Recall that X$ k — Ys k is parallel to n(z k ), by definition. This, the fact that the angle between 
fg* n(X t )dLf and n(zk) is greater than 2~ Jfc ~ 1 , and ( I3.59|) easily imply that \Xu k — Yu k \ > 
c^i2~ Jk \Xs k — Ys k \ = cu^~ Jk dk/'2. We see that if we take cj = C34/4 in the definition of Gk 
then 

F(G c k ni k nc k nH k | g k ) = o onF fc n f| A r (3.60) 

j<k-i 

It follows from (EUD, fl330|) . fl33Tj) . fl3T56|) . f l3~58j) and fl3T60|) that on F fc n f|j<fc-i An 
F(At I = P(/ fc c U C fc c U Gl U if fc c I &) 

< F{C c k I ft) + nn n 4 1 1 &) + P((Cj) c | &) + P(4 C n (ifl 6 nan c* I Gk) 
+ P(c fc n H c k 1 &) + p(G£ n i k n c & n H k \ g k ) 

This completes the proof of (j3.39p . 

Step 3. We return to the main argument. It follows from (13.331) and the definition of cq 
that if F k occurred then 

sup \Y t -X t \<d k /2. 

Hence, if the event f]j <k Fj occurred then sup Sfc<t<(7 » \Y t — X t \ < e2~ k , and, therefore, 

\Y Uk -X Uk \<s2- k . 

This and (13.391) imply that 

P [ A c k n F k n p| Aj ) < c 9 rff 3 < c 9 ^ 3 2- (fc - 1)/33 . (3.61) 

V 3<k-l J 

Let 

f = f?\j\J (F fe nF fc c +1 nfl^). 

fc=i V j<fc / 

If n^=i-^fc holds then info<t< CT * \Xt — Y t \ =0. The last event has probability 0, according 
to Lemma I3~2l so F(f] k x> =1 F k ) = 0. Since F k+1 C F fc , there exists at most one iVi such that 
U Fn 1+ i fails. There exists at most one iY" 2 be such that Aj holds for all j < N 2 and A^ 2 
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does not hold. Thus, by (|3.6ip . 



P(F C )=P Finf| F fe c UF fc+1 u|J^ 



k=l 



<P(FiD{iVi = oo})+p( f) \ F c k UF k+1 U \JA C A n {1 < iV a < 00} 



P[ f]F fc n{iVi = oo}) + P( f] F fc c UF w u[J^ n{iV\ < 00} 



\jfe=l 



\k=l 



<0 + P |J F„ c UF n+1 u[jA; n{iV 1= n} 



= p U U^ C n{iVl = " } 

\n=l \ \j< n / 

= P (U U ( ( \J A i\ n{iy 1= n,iV 2 = m} 

\n=lm=l \ \j<m / 

= P ( U ( ( U n ^1 >^,N 2 = m ) 

\m=l \ \j<m / 

<p(Q ( f|^n^nF„ 

\m=l \j<m 
00 / 

m=l \j<m 



m=l 



(m " 1)/33 < cse^ 3 



This proves (I3.30p . 
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Since F k+1 C F k and (F k+ i n f\<fc+i A j) c n C\j<k A j) > we nave 

oo / 

f = f 1 c u|J F„nF n c +1 nf|^ 

n=l \ i<" 

= FfuU(^nF n % 1 nn^ju(F fc _ 1 nF fc c n f| ^ 

n=l \ j<n / \ j<k— 1 

oo / 

uU KnF„ c +1 nf|A 

n=fc \ i<« 
fc-2 oo / 

c F{ u |J F n c +1 u (Ffc_i n Ft) u |J F n n n A j 

n=l n=k \ j<n 

C F c k _, U n F^ U ( F fc n f| AA . (3.62) 
Let T k = U k Aal- We claim that 

C = 0, if Ft_i holds; 
llogiJf^-y^l-loglX^-y^Jl ^ <c 6 , if F^ni^ holds; 

\ < C37m if J k = m and fl (~)j <k Aj holds. 

(3.63) 

The first claim follows from the definitions of T k , S k and F k _i. The second claim follows 
from the definition of S k . The last claim follows from the fact that G k C A k . 

If F k fl A k holds then H k holds and we can apply (I3.37P at the stopping time U k . By the 
repeated application of the strong Markov property we obtain ¥(F k -i | T-L k -i) — Pi 1 - It 
follows from <^M) , (1530)1 and (ETBHI) that 

P ({ J k > m} f] F k f] A k \ H k -i) < c 3 s2- m on F k ^ n f| A,-, 

i<fc-i 



P ( log 


\ X T k 




- log 




-*r fc _il| >C6|W*-i) <l-pj _1 , 


(3.64) 


P ( log 


\ x n 


-y Tk \ 


- log 


\ X T k -i 


- Y Tk J\ > c 37 m | < 1 -^- 1 c 38 2- m . 


(3.65) 



Let k be such that p\ 1 + p\ 1 Em>i c 382 m < 1 for /c > A; and let mo be such that 
E m > m „ c 38 2- m < 1. Let q' > be such that g' + J2 m > mo c ^' m = 1 and let q k > be such 
that ?fe+pJ _1 +pJ _1 E m >i C382 m — 1, for > fc - Let > 1, be independent random 

variables with the following distributions; for I < k < k Q — 1, 

c 6 + c 37 m o, with probability q'; 
c^m with probability C3g2~ m for m > m , 
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and for k > k Q , 



0, with probability 
eg, with probability p\~ l ] 
C3jin with probability C3sPi 1 ^ rn for m > 1. 

By (I3.62p . (13.641) and (13.651) . the random variable 



|Vi-y |iF 



log |X Tfe - F Tfe | - log [Xt^ - Y Tk _ 

k=l 

is stochastically dominated by := J2k>i^k- To finish the proof of (13. 31 f) . it remains to 
show that EZ* < oo. Indeed, we have 



EZ, = 

l<fc<fco-l 



^2 ( ( c e + c 37™o)<?' + ^2 c 38 2 m c^m J 

k<ko — 1 \ m>mo / 

A;>A;o \ m>l 



c 37 m < OO. 



□ 



Recall notation from (13. 6p . 



Lemma 3.6. For any Pi G (0, 1/2) there exist (32,Cx,b,Ei > such that if e < £i, s G <9-D ; 
y G D, \x - yo I = = x , *o = Uo and 

\<y°- x °>*M)\ < e ft (3.66) 
1 2/o - Sol 

i/ien i/iere exzsfo an eweni F such that 

P x °- yo (F c ) < e^ 2 , (3.67) 

E*°.w ((Vi - Vo)l F ) > ci. (3.68) 

Proof. We will use the following elementary fact, the proof of which is left to the reader. 
Suppose that a cumulative distribution function G : R — > [0, 1] satisfies \a\ dG(a) < oo. 
Then for every c 2 > there exist P\,P2 > such that if Z is a random variable and F is 
an event satisfying P(F C ) < p h F(Z1 F < a) < G(a) for a G R and P(Z1 F < c 2 ) < p 2 then 



EZ > C2/2. We will apply this observation to Z — V\ — Vq. By Lemma [3.51 there exists and 
event F such that P(F C ) < and P((K - Vo)lf < a) < G(a) for a G R for some G with 
/^o l a l dG(a) < 00. The condition P((Vi — Vo)1f < Qj) < is satisfied by Lemma 3.4. It 
follows that E x °' yo ((Vi - V )1 F ) > c 2 /2. This proves the lemma. 

□ 

Proof of Theorem li.il Recall that o\ = a* A a\ and 

<W = inf > ^ = {L? ~ L$ u ) A - #J > b} , 
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for k > 2. Fix some Ei,b,(3i > 0; we will choose values for these parameters later in the 
proof. 

We will define processes X t * and Yj* for t > in an inductive way. Let X? = X t and 
Y t * = Y t forte [0,a* b ). 

By Lemma [3.21 Y a * ^ X CT *, P^-a.s., for any x,y G D, x ^ y. Fix an arbitrary pi > and 
choose ci > such that 



P^(|K*-X CT *|< Cl )< Pl . 



(3.69) 



LetF 1 = {\Y a *-X a *\>c 1 }. 

Suppose that al = a* . Fix some c% and let 



A ^|(y, ; -x, ; ,n(x, ; ))|^ 



if n F l holds, 



F** = Y * 

\X a * — Y a » V ci 
5£ = ^ + tt^ Y ct *_ - X al ) -L_i >A otherwise. 



(3.70) 



Let [Y t *,t G [c^c^fe)} ^ e the solution to (II. 2p with the initial condition given by (I3.70P and 
driven by Brownian motion {B t ,t G [a%, c^,)}- Let X? = X t for t G [o^cr^). Whether Ai 
holds or not, we have \Y** — X**| > IK,* — X„*\ and 



k* -x* ,n fx* 



Y* - X* 

b b 



<c 2 \Y -X \P\ 



Note that 



E^log 



> logci > — 00. 



(3.7i; 



(3.72) 



If al = a\ then we exchange the roles of X and Y in the above definitions. 

We will define some events and processes using induction. The meaning of the following 
notation will be fully explained below. Let 



a* * = 0, 



«S = -f {t > ^_ 1)6 : (if - Ljg, J A (z^f - L*£_ J > , * > 1, 

^ = |x;-f;|, M; = i og ^, t>o, 



fc = 0,l,... 



In view of (13.711) . we can apply Lemma [331 to the process {(X£,Yf),t G [oj",^)} to 
conclude that if E\ > is sufficiently small then there exist C3 > and an event F2 G 
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a((XT,Y t *),t G [Vb*i a 2b)) sucn ^at, a.s. on the event {R*** < £1}, 

b 

E((y*-v*)i F2 \x: r ,Y: r ) > C3 . 

We proceed with the inductive definition. Suppose that F k , X£ and Y t * are already defined 
for some k > 2 and t G [0,<r^). Suppose that cr*.*. = inf jt > er**^^ : Lf* — L*** ^ > &j 



and let 



Ai 



( Y* = Y* 

a kb a kb~ 

Y* j£* 

a tb ~ a kb' 



(Y* -X* ,n 

\ a kb~ a kb~' 




) 









<c 2 iy ct « x.(j** I 

— * ] "(k-l)b "(fc-l)b' 



on A k n F k , 



+*x*_(Y: ri _-x* 



X* — 

a kb- 


a tb- 


V 




- Yr* * 

-l)b a (k-l)b 




a kb- 




X* ) 
a kb- J 





otherwise. 



(3.73) 



Let {(Xt,Y t *),t G [fS, CT(fc + i) 6 )} be the solution to (ll.ip - (U.2p with the initial conditions 
given by X*** = X***_ and ( 13. 73ft . and driven by Brownian motion {B t ,t G [cr££, c*^ + i) 6 )}- 
Whether A k n F fc holds or not, we have I Y**« - X*** I > IF* . - X*« I and 



a kb CT fcb' V CT fe6 



y*» - x* 



<c 2 |Y (r .. -X* l^ 1 

— Z| CT (fc-l)6 "Vfc-llf, 1 



(3.74) 



If a*.*, = inf jt > cr*^_ 1 - )6 : Lf* — L^*, ^ > 5 j then we exchange the roles of X and Y in the 
above definitions. 

In view of (13.741) . we can apply Lemma ESI to the process { (X t * , Y t * ) , t G [cr^, tfk+i)b)} to 
conclude that there exists an event F k+ i G a((X^ ,Y t *),t G [cr||, C(^ +1 ) 6 )) such that, a.s. on 
the event {i?*** < eA, 

kb 

P(^ c +1 |^,^)<(^) & , (3-75) 

e - n*) i. fc+1 |x;,,y;„)> C3 . 

Definition (13.731) implies that on we have V k+1 > V k , so a.s. on the event {-R^** — 

E(y fc * +1 -y;|x;«,y;») (3.76) 
= e ((y; +1 - vfl 1 x;„, y;„) + e ((y; +1 - y;) | x;„, y; 

> c 3 + = c 3 . 
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Let K\ = inf{fc > : sup t6[(T « >(y *._ i j R* t > £1} and V k = V k * AKl - It follows from (13772)1 and 
(13.761) that {Vk, k > 0} is a submartingale. Thus, cannot converge to —00 with positive 
probability. 

For a fixed j, we will estimate the number of k such that V& G [j, j + 1]. 

Let C4 = sup ^ g ^ log \x — y\ and note that c 4 < 00. We will argue that for any c 5 < c 4 , one 
can choose E\ > so small that if \x—y\ < E\ then E^V^ < c 5 . Let S = inf {£ > : R* t > £\\. 
By the proof of Lemma 3.4 in [3] (see the 2-dimensional version in Lemma 3.8 of [1]), 

Rl^ b < El exp(c 6 (« l6 - S) + LZ~ h - Lg)) < Bl exp(c 6 (6 + b)). 

It follows that, for small ex, 

EVoo = EV Kl < E(logei + 2c 6 6) < c 5 . (3.77) 

Consider any c 5 < c 4 , assume that logei < c 5 and fix an integer j < c 5 . Let Ui = and 

f4 = uu> >U k ;V n (£ [j + 2]}, fc > 1, 

C/fc = inf{n >Uk-V n e + 1]}, k > 2, 
= sup{A; : £4 < 00}, 

withe the convention that inf = 00. The random variable K\ is bounded above by the sum 
of the number of upcrossings of the interval [j — and the number of downcrossings of the 
interval [j + 1, j + 2] by the process V k . By the upcrossings and downcrossings inequalities, 
in view of (13.771) . 

EK 3 2 < 2(EV OQ -j + 2)< 2(c 5 - j + 2). (3.78) 

Let ko be the smallest integer grater than 3/ci, where c\ is the constant in the statement 
of Lemma [3^41 Suppose that Vjj k G + 1] for some k > 0. Then, using Lemma and 
the strong Markov property at the stopping times a*^, n — Uk, Uk + 1> • • • , we see that for 
some p 2 > and p 3 := P2° +1 , 

P(K+i -V n >c 2 ,n = U k , U k+l ,..., U k+ko ) > P k 2 0+1 = P3- 

If the event in the last formula occurs then the process V will leave the interval [j — 1, j + 2] 
in at most k + 1 steps so Uk — U k < k + 1 in this case. If the process V does not leave 
[j — 1, j + 2] in fc + 1 steps then we apply the same argument again, this time using stopping 
times Uk+k +2, ■ ■ ■ , U k +2k +2- By induction, (U k - U k )/(k + 1) is majorized by a geometric 
random variable with mean 1/ps- Hence, E(Uk — Uk) < (k + l)/p3- Let be the number 
of k such that Vk G [j, j + 1] . We combine the last formula with (13.781) to see that 

EK{ < 2(c 5 - j + 2)(k + l)/p 3 - (3.79) 
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This, ( EHUD and (15775]! yield, 



P ( U F k J < E ( E ^ J = E1 ^ c + E E1 *S 

\fc>l / \ifc>l / k>2 

< Pl + ^E E(i F c|y fc _ ie |>-,j + i]) 

J< c 5 \V h _i6[jj+l] 

— pi + E E f E eift 

< pi + e ^ 3 2(c 5 - j + 2)(* + l)/p 3 - 

i<C5 



By ( I3.79P and Lemma |3~73~| for some f}± > 0, 



p(u^W(eW)=E E1 ^ 

\fc>l / \fc>l / fc>l 

= E E ( E E(l A c iV^eb'j + l]) 

i< c 5 Vv fe _ l6 [j,i+i] 
< ^e^2( C5 _ j + 2)(fco + l)/p 3 . 



i<C5 

We combine the last two estimates to obtain 



P ( |J A c k U Ft j < ^ e^2(c 5 - j + 2)(* + 1)M + Pi + E " + 2 ^ + 1 )Ip*- 

\k>\ ) j<c 5 j<c 5 

(3.80) 

Consider an arbitrarily small p\ > 0. The probability p\ in (I3.69P may be chosen to be 
smaller than p^/2. We can make the two sums in (I3.80p smaller than p^/2 if we take 
C5 > — 00 sufficiently small. This we can do, as discussed earlier in the proof, by letting 
£1 > be sufficiently small. Hence, if E\ > is sufficiently small then 

F(\jA c k UFA <p 4 . (3.81) 
\fc>i / 

Let 

T a R = mf{t >0:R t = a}, T? x = lim T a R . 
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Recall that does not converge to — oo at a finite or infinite time, a.s. If all events AkflFk, 
k > 1, hold then X* = X t and Y* = Y t for all t > 0. This and (ETSIj) imply that for any p 4 > 
there exists E\ > such that for any x,y G D, x ^ y, we have F x ' y (T^ < T^) > 1 — p 4 . 

The process _R 4 takes values in the extended real line [—00, 00). If we endow this set with 
the natural topology then R t is continuous for all t > 0, a.s., because processes X t and Y t 
are continuous. 

Suppose that for some x 7^ y, p$ := P^^T^ < 00) > 0. We will show that this 
assumption leads to a contradiction. For j > 1, let Sj = inf{£ > : R t < 2~ J } and 

Gj = j M{t >S j :R t = e 1 }< M{t > Sj : R t _ = -00}}. 

If < cxd then Sj < 00 for all j. It follows from the strong Markov property applied at 
Sj that F x ' y ({Sj < 00} n Gj) > p 5 (l - p 4 ). Since {S" J+ i < 00} n C {5,- < 00} n 
we have W x < y (Di>i({ 5 i < 00} n Gy)) > p 5 (l - p 4 ) > 0. If the event H^idA < °°} n G i) 
holds then R has a discontinuity at T^. Since i? is continuous a.s., we have a contradiction 
which proves that for any x 7^ y, P :r '^(T_ R 00 < 00) = 0. 

Now suppose that p6 := P(lim t _ s>00 = —00) > 0. If lim^oo R t = —00 then Sj < 00 for 
all j. We can argue as above to show that 

P 1 ^ ^{ hm Rt = -00} n Q({Sj < 00} n Gj) j > p 6 (l - p 4 ) > 0. 

If the event rij>i({^j < 00} HGj) holds then lim sup^^ R t > 0. We have a contradiction 
which proves that for any x y, P x ' y (limt_ 5 . OC) R t = —00) = 0. □ 



4. The sign of the Lyapunov exponent 

This section is devoted to the calculation of the "Lyapunov exponent" for the exterior of 
a three-dimensional ball. In our model, the Lyapunov exponent is represented by 1 + X p 
where X p is defined in Theorem 14.11 (ii). This is a three-dimensional analogue of an exponent 
defined in [4] for two-dimensional domains. The sign of this exponent — positive for the 
domain D — has the fundamental importance for this article. 

Recall that H x is the excursion law for X in D. For an excursion e and non-zero vector 
v e M 3 , we let / v (e) = log |7r e(c _)(v)| - log |v|. Note that / v (e) < 0. Let D 2 = R 3 \ £(0,1) 
and let (L t , H x ) be the exit system for reflected Brownian motion X in D2. 



Theorem 4.1. (i) For every x G dD 2 and v G T x dD2, 

H x (f v ) = V2-l-log(l + V2). 



32 

(ii) Let X p = H x (f v (e)). We have uniformly in x G 3D and v G T x dD, 

lim X p = lim H x {f v (e)) = V2 + log 2 - 2 - log(l + v^) « -0.774013. 

p— >oo p—>oo 

Proof, (i) Let r;f = inf{t > : X t ^ A}. Recall that Pg denotes the distribution of 
Brownian motion starting from x and killed at the time . Let fi r denote the uniform 
probability distribution on the sphere 13(0, r); we will abbreviate /ii = fi. An explicit formula 
for the harmonic measure in D 2 is given in [15j Thm. 3.1, p. 102]. That formula implies that 

P* 2 (X(r* -) G dy) = a(x)\x - y\~ 3 n(dy), 

for x G D 2 and y G dB(0, 1), where a(x) is such that for x,y G <9i3(0, 1), 

lim P^ nW (X(r^ 2 -)G^) =i 
<s;o 2S\x + <5n(x) — y\~ 3 [i(dy) 
We use (JO]) to see that for x, y G 8(0, 1), 

#S 2 (e f - e dy) = 2|x - y\- 3 fi(dy). (4.1) 

Note that by symmetry, H x (f v ) does not depend on 2 G 9Z?2 and v G T x dD 2 , so fix some 
x and v. We will express fi(dy) and f v using spherical coordinates. Let a denote the angle 
between radii of 13(0, 1) going to x, y G <S(0, 1). Let Mi be the plane that contains v and 0, 
and let M 2 be the plane that contains 0,x and y. Let B be the angle between M\ and M 2 . 

The uniform probability measure on the sphere <9£>(0, 1) can be represented as 

H(dy) = (2 7 r)- 1 d/3(l/2) smada. (4.2) 
We have \x - y\ = 2sin(a/2) so (OT)- (P|) yield 

% 2 (e c _ G dy) = 2(2sin(a/2))" 3 (27r)" 1 d/3(l/2)sinada (4.3) 

= sin a sin(a/2)~ 3 da dB. 

It is elementary (although somewhat tedious) to check that 

^^ = (cos 2 /3 + sin 2 /3cos 2 a) 1 / 2 . 

If = y then 

U(e t ) = log|7r et(c _)(v)| -log|v| = log(cos 2 B + sin 2 B cos 2 a) 1 ' 2 . (4.4) 
We combine this formula with (14. 3 j) to see that 

Hp(f v (e t ))= / / sinasin(a/2)" 3 log(cos 2 /3 + sin 2 /3cos 2 a) 1/2 dad ( 5. 

Jo Jo 167r 

Part (i) of the theorem follows from this formula and Lemma 14.21 below. 

(ii) First, we will show that the harmonic measure in a spherical shell has a density very 
close to a constant, under some assumptions. Let S(r,R) = 13(0,1) \ 13(0, r) denote the 
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spherical shell with center 0, inner radius r and outer radius R. Let h(r, R; x, y) be the 
density of harmonic measure in S(r, R); more precisely, let 

P S(r,R)( X T x G d y) 

h(r,R;x,y) = ■ , 

for x G S(r,R) and y G dB(0, r). For fixed r,R and y, the function x — > h(r, R; x,y) is 
harmonic in S(r, R). By the Harnack principle, there exists C\ > such that for any positive 
harmonic function / in £>(0,1), we have C\ < f(v)/f(z) < 1/ci for all v,z G <8(0, 1/2). 
By scaling, for any r > and for any positive harmonic function / in 13(0, r), we have 
ci < f(v)/f(z) < 1/ci for all G £>(0,r/2). We can find a finite number N such that 
there exist x k G dB(0,2r), k = 1,...,N, such that dB(0,2r) C Ui< fc <v B Ofc> r / 2 )- Then 
the standard chaining argument shows that for R > 3r and every positive harmonic function 
/ in S(r,R), we have c± < f(v)/f(z) < 1/cf for all v,z G S(0,2r). Let C2 = c^. Consider 
a large integer m. As a particular case of the last formula, we obtain that 

c 2 < h(2 k , 2 m - x, y)/h(2\ 2 m - v, y) < l/c 2 , (4.5) 

for < k < m — 2, y E dB(0, 1) and x, v G dB(0, 2 k+1 ). By the strong Markov property for 
Brownian motion applied at the hitting time of dB(0, 2 h+l ), 

h(2 k ,2 m ;x,y) = [ h(2 k ,2 m ;v,y)h(2 k+1 ,2 m ;x,v)^(dv), 

JdB{0,2 k + 1 ) 

for < k < m - 3, y G dB(0, 1) and x G <9i3(0, 2 fc+2 ). This, g3J and Lemma 6.1 of [6] 
imply, using the same argument as at the end of the proof of Theorem 6.1 in [6], that for 
any C3 < 1 arbitrarily close to 1 there exists mo such that for m > mo, 

c 3 < h(l,2 m ;x,y)/h(l,2 m ;v,y) < l/c 3 , 

for y G dB(0, 1) and x,f G <9£>(0, 2 m_1 ). By applying a rotation, we obtain the following 
variant of the above result. For any C3 < 1 arbitrarily close to 1 there exists m such that 
for m > mo, 

c 3 < h(l, 2 m - x, y)/h(l, 2 m - x, z) < l/c 3 , (4.6) 

for y, z G 83(0, 1) and x G dB(0, 2 171 - 1 ). 

Suppose that p used in the definition of D satisfies 2 m+1 < p < 2 m+2 for some m > m . 
Let 

Ti = 0, 

= inf{t > T k : X 4 _ G 95(1, 2 m )}, fc > 1, 
T k = inf{t > U k -. x : X t G 8B(0, 2 m ~ 1 )}, fc > 2. 
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Then for x G dB(0, 2 m ~ l ) and y e dD = dB(0, 1), 



P x D (X T x_ E dy) = J2 P D(Xu k e dy;Xu. E dB(0,2 m ),j < k) 

oo 

= ^2 E D (PD Tk ( X U u e d2/)l{X Pj eSB(0,2"»)j<fc})) 

fc=l 

oo 

= y^^O (^( 1 ) 2m ;^T fc ,2/)^l{X [7j G9B(0,2-),i<fc}) 



fe=l 

This and ( 14.6}) imply that 

c 3 < PE(X T x_ E dy)/P%(X T x_ E dz) < l/c 3 , 

for y, z E dB(0, 1) and x E dB(0, 2 m_1 ). This and the strong Markov property of excursion 
laws applied at the hitting time Tq^q^™- 1 ) of dB(0, 2 m ~ l ) can be used to show that 

c 3 < #*(e c _ E dy; T as(0j2m -i) < ()/H x (e c „ E dz; r 8B(0>2 m-i) < C) < V c 3> ( 4 -7) 

for x,y,z E dB(0,l). This implies that for sufficiently large p, the density of fP(e^_ G 
^1/; ^96(0,2™-!) < C) is arbitrarily close to a constant on <9.D. 

The probability that 3-dimensional Brownian motion starting from x+5n(x), x E dB(0, 1), 
will never return to dB(0, 1) is equal to 1 — (1 + 5)~ l . This and f)2.2p imply that for any 
C4 > there exists mi such that for m > mi and x E dD, 

1 - c 4 < H x (T dm2m -i) < C) < 1 + c 4 . 

It follows from this and (14.71) that for any C5 > and sufficiently large p, we have for 
x,y E dD, 

1 - c 5 < # x (e c _ G dy; T 9B(0 , 2 — i) < Q/^dy) < 1 + c 5 . (4.8) 
We have by continuity of probability that 

lim iP(e c _ G dy; T^^m-i) > C) = # z (e C - G dy). (4.9) 

m-»oo 

Note that the above limit is monotone. 
We have 

H x (f v (e))= [ (log| % (v)|-log|v|)^(e c _Gdy) (4.10) 
= / (log|7Tj,(v)| - log|v|)fP'( e e- e dy, T dt3(o,2™~i) > C) 

JdD 

+ / (log|7r v (v)| - log |v|)i? x (e c _ G dy; ^0(0,2—1) < 0- 
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It follows from ( I4.9p . monotone convergence theorem and part (i) of this theorem that 

lim / (log|7r„(v)| - log|v|)# x, (e ( _ e dy; T eB(0 , 2m -i) > C) (4.11) 
= [ (log\7T y (y)\-log\v\)H^e^edy)^H^(f v )^V2-l-log(l + V2). 

JdD 

We combine f l4~2]) . ( 1Q]) . f fl~8j) and Lemma 03] (ii) below to obtain 

lim / (log |7r„(v)| - log \v\)H x (e ( - G dy; r 5B(0 , 2 ™-i) > C) 
(log|7r y (v)| -log|v|)/x(dj/) 

) 

= / / — sin a log(cos 2 /3 + sin 2 /3 cos 2 a) 1 ^ 2 da d/3 = log 2 — 1. 
Jo Jo ^ 

Part (ii) of the theorem follows from this formula, f)4.10p and (14.111) . □ 



Lemma 4.2. W^e have 

(*2tt pit 



sinasin(a/2)~ 3 log(cos 2 /3 + sin 2 (3 cos 2 a) 1/2 rfa d/3 (4.12) 

16tt 

= V2- l-log(l + ^2), 



and 



/•27T PIT -y 

I I — sin a logfcos /3 + sin 2 /3cos 2 a) 1/2 dad/3 (4.13) 
Jo Jo 71 



= log 2- 1. 
Proof. The integral in (14. 12ft is equal to 



sin a sin(a/2)~ 3 log(cos 2 + sin 2 cos 2 a) 1//2 da df3 

167T 

p/ 2 Z" 71 " sin a 

= (4/32vr) / d(3 / — -— log(cos 2 (3 + sin 2 /3 cos 2 a)da 

Jo Jo {[*■ — cosa)/ 1) I 



/7T/2 /"l 
d/3 J (1 - w)~ 3/2 log(cos 2 /3 + sin 2 f3u 2 )du (w = cosa:) 

/•tt/2 /-I 

(1/V2tt) J d/3 J log(cos 2 /3 + sin 2 /3w 2 )d(l - w)~ 1/2 



(1/v^vr) J dpUl - u)- 1 / 2 \og(cos 2 fi + sin 2 (3u 2 ) 



u=l 
u=-l 



2u sin 



-(V2/n) J d 

i-k/2 n 
-(V2/7T) / dfi / 

Jo Jo 



u u 2 sin 2 P + cos 2 (5 
" /2 .„ f 1 1 wsin 2 /3 



y/\ — u u 2 sin 2 (3 + cos 2 /3 
2 (l-v 2 )sin 2 (3 



du 



v((v 2 - l) 2 sin 2 (3 + cos 2 (3) 



2v dv (v = y/1 — u) 



2^/2 f^ 2 (l-t; 2 )sin 2 /3 



7T ./ 
2V2 ^ 



v 4 sin 2 /3 - 2v 2 sin 2 /3 + 1 



dv 



k JO 

2^/2 rV2 



/ (l-v 2 )dv 
Jo Jo 



1 



7T 



(1 - v 2 )dv 



sin /3 

1 



1 



^2 



2v/2 

7T 
7T 

2\/2 ^ 



(1 -v 2 )dv 



+00 
00 



- 2v 2 + 1 + y 2 1 + y 2 
dy 



dy (y = cotp) 



o (l-v 2 ) 2 + y 2 1 + y 2 



/ {l-v 2 )dv 
Jo Jo 



1 



1 



7T 



1 



V 4-2t/ V ( 



arctan y 



\l-v 2 



■ arctan 



1 -v< 



y=oo 
y=0 



2^2 



V2 



1 — V 7T 



- 1 



7T 7 v 2 (V-2)2 V |l-u 



-V2 



1 1-w 2 (l-w 2 )-l 

o v 2 (^ 2 - 2) r^ 2 



dv 



dv 



r V2 

V2 

Ji 



1-v 2 (v 2 -l)-l 
v 2 (v 2 - 2) l^ 2 



(if 




V2 



dv - V2- 

v 



v=l 



1 + V2 



2 
1 



1 + V2 



1 - ^2 

-log ((1 + v^) 2 ) - 1 + y/2 
v^-l-log(l + v^). 
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The integral in (I4.13P is equal to 
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27r j n i>n 



d/3 



'o 27r Jo 



(1/2) sin a log ((cos 2 + sin 2 cos 2 a) 1/2 ) da 
n/2 d(3 r 



4 / — / (1/4) sin a log(cos 2 (3 + sin 2 (3 cos 2 a)da 



— j — f log(cos 2 (3 4~ it 2 sin 2 f3~)du {u = cos a) 

Jo 2tt y x 

2f f / log(cos 2 /3 + « 2 sin 2 /3)d« 

Jo 2?r Jo 



1 yr/2 



2 r 1 



— / u du 
-— / u 2 du 



dp ( u log(cos 2 + u 2 sin 2 0) 
^ 2 sin 2 (3 



«=i Z" 1 2m 2 sin 2 /3 



M=0 



cos 2 /S + m 2 sin /3 



-d-u 



7T 







2 r 1 



7T 



7T 



u du 



u du 



11 cos 2 4~ w 2 sin 2 

tt/2 x 

,, COt 2 /3 + M 2 ^ 
,r/2 x _j 



d/3 



cot 2 + u 2 esc 2 /3 



' — esc 2 0~)d0 







1 



-1 



-— / u 2 du 
k Jo 

2 r 1 u 2 



y 2 + u 2 y 2 + 1 
1 1 



(y = COt/3) 
1 



y + 1 y + M y m — 1 



-dy 



7T ./q U 2 — 1 



du ( arctany arctan(y/w, ^ n 



</=oo 



2 f 1 U 2 7T 1 

— (1 )du 

u 



n 7 u 2 - 1 2 



1 „,2 



IT M — 1 



it 2 — 1 u 



1 



dw 



1 

'0 \ w+1 
- ^1 - log(w + 1) 
log 2 - 1. 



du 

u=l 
u=0 



□ 



References 



[1] S. Andres, Pathwise Differentiability for SDEs in a Smooth Domain with Reflection (preprint) 
[2] K. Burdzy, Multidimensional Brownian excursions and potential theory, Longman Sci. Tech., Harlow, 
1987. 



38 



[3] K. Burdzy, Differentiability of stochastic flow of reflected Brownian motions Electron. J. Probab. 14 
(2009) 2182-2240. 

[4] K. Burdzy, Z.-Q. Chen and P. Jones, Synchronous couplings of reflected Brownian motions in smooth 

domains Illinois. J. Math., Doob Volume, 50 (2006) 189-268. 
[5] K. Burdzy and J. Lee, Multiplicative functional for reflected Brownian motion via deterministic ODE 

Illinois J. Math, (to appear) 
[6] K. Burdzy, E. Toby and R.J. Williams, On Brownian excursions in Lipschitz domains. Part II. Local 

asymptotic distributions, in Seminar on Stochastic Processes 1988 (E. Cinlar, K.L. Chung, R. Getoor, 

J. Glover, editors), 1989, 55-85, Birkhauser, Boston. 
[7] M. Cranston and Y. Le Jan, On the noncoalescence of a two point Brownian motion reflecting on a 

circle, Ann. Inst. H. Poincare Probab. Statist. 25 (1989), no. 2, 99-107. 
[8] M. Cranston and Y. Le Jan, Noncoalescence for the Skorohod equation in a convex domain of R 2 , 

Probab. Theory Related Fields 87 (1990), 241-252. 
[9] P. L. Lions and A. S. Sznitman, Stochastic differential equations with reflecting boundary conditions. 

Comm. Pure Appl. Math. 37 (1984), 511-537. 
[10] B. Maisonneuve, Exit systems, Ann. Probability 3 (1975), no. 3, 399-411. 

[11] A. Pilipenko, Stochastic flows with reflection. (Russian) Dopov. Nats. Akad. Nauk Ukr. Mat. Prirodozn. 

Tckh. Nauki 2005, no. 10, 23-28. 
[12] A. Pilipenko, Properties of flows generated by stochastic equations with reflection. (Russian) Ukrain. 

Mat. Zh. 57 (2005), no. 8, 1069-1078; translation in Ukrainian Math. J. 57 (2005), no. 8, 1262-1274 
[13] A. Pilipenko, On the generalized differentiability with initial data of a flow generated by a stochastic 

equation with reflection. (Ukrainian) Teor. Imovir. Mat. Stat. No. 75 (2006), 127-139; translation in 

Theory Probab. Math. Statist. No. 75 (2007), 147-160 
[14] A. Pilipenko, Stochastic flows with reflection. (2008, Math Arxiv: 0810.4644) 

[15] S. Port and C. Stone, Brownian motion and classical potential theory. Probability and Mathematical 
Statistics. Academic Press, New York, 1978. 



Department of Mathematics, Box 354350, University of Washington, Seattle, WA 98195 



